This paper investigates the appropriate level of model complexity when designing optimal vehicle active suspension controllers using the Linear Quadratic Regulator (LQR) method. The LQR method requires the formulation of a performance index with weighting factors to penalize the three competing objectives in suspension design: suspension travel (rattle space), sprung mass acceleration (ride quality) and tire deflection (roadholding). The optimal control gains are determined from the solution of a matrix Riccati equation with dimension equal to the number of state variables in the model. A quarter car model with four states thus poses a far less onerous formulation problem than a half or full car model with eight or more states. However, half and full car models are often assumed to be more accurate than quarter car models, and necessary for capturing and controlling degrees of freedom such as pitch and roll motion which are not directly available from a quarter car.
INTRODUCTION
The vehicle suspension provides a means of isolating the vehicle's body from the road inputs. Several aspects of vehicle dynamics put different demands on the various suspension components. Occupant comfort requires the minimization of sprung mass accelerations, while lateral dynamic performance requires good road holding giving rise to a need for consistent normal forces at the tire interface. This all has to work within suspension rattle space and tire deflection limitations. In a passive suspension each improvement comes at the expense of performance in another area [1] .
Active suspensions are any combination of spring, damper, and a force actuator where part or all of the force between the sprung mass and unsprung mass is based directly on a control signal. While adding complexity, active suspensions have shown an ability to minimize vehicle accelerations, rattle space utilization, or improve road holding [1] [2] [3] to various degrees over certain frequency ranges. One common control technique that is based on full state feedback is the optimal Linear Quadratic Regulator (LQR) technique. There has been a large body of research dedicated to optimal LQR controllers for quarter, half, and full car models [1, [4] [5] [6] . Some open questions remain regarding required model complexity. For example, a pitch plane vehicle simulation would suggest use of a half car model and the use of the half car model states in designing the controller. However, a simpler LQR formulation based on quarter car models at each end of the vehicle could be used to independently minimize vertical motion at front and rear. This would indirectly suppress heave motion at the centre of mass along with pitch motion. Such an assumption may seem appropriate when front and rear suspensions are decoupled as is typically the case in passenger cars. Assessment of performance of quarter car-based controllers on a half car model to indirectly control certain degrees of freedom (or quarter car or half car-based controllers on a full car) is less common in the vehicle dynamics literature, especially when decoupling conditions are not met. The idea of decoupling the suspensions of a vehicle is described in Krtolica and Hrovat [7] for a pitch plane model without unsprung masses. Krtolica et al. [8] [7] summarize the decoupling conditions. A variation of up to 20% in the left and right hand sides of the first equations is considered acceptable for a "decoupled" vehicle. While the second decoupling requirement is normally met by satisfying the weighting term relationship in equation 2.
A half car pitch model with two quarter car controllers, one for the front suspension and one for the rear suspension, is shown in figure 1a. These both act independently (and indirectly on the pitch mode) and neither has state feedback from the other. These are essentially two individual controllers developed by using weight distribution to divide the sprung mass between the front and rear. A half car pitch model with an optimal half car controller is shown in figure 1b . This model has the front and rear actuators output based on all the vehicle states including pitch.
The two quarter car controllers have to be designed with a different performance index from that of the half car controller.
However both models can be tested on the same virtual roadway and the half car performance index can be used to evaluate both models.
The two models are tested with a variety of weights and on a combination of road surfaces for each weighting with several different vehicle properties. Repeated discrete bumps form one surface, while the second surface uses a rough random road model.
The results of this paper indicate that it takes a significantly high performance index weight on pitch acceleration to warrant the use of a half car controller.
It will also be shown that even when the decoupling criteria in equation 1 are not met for certain vehicles, such as fully loaded compact cars, that quarter car controllers can still provide superior or equivalent performance for both ride quality and road holding.
VEHICLE MODELS Quarter Car
A quarter car model represents a corner of a vehicle as shown in figure 2 . The sprung mass of the car body, M s , is connected by a spring and damper to the unsprung mass of the suspension components, M u , by the suspension spring, K s , and the damper, B s . The tire is modeled as a spring, K t . Tire lift-off is permitted. It is generally assumed that the tire damping is negligible, however it is included in the model derivation.
Half Car
In many situations the pitching motion of the vehicle becomes important and as a result requires a model with additional degrees of freedom shown in figure 3 . The main body consists of a mass that is free to rotate and heave vertically. The angles of rotation are assumed to be small so that the end points will be considered to move vertically and the model will be linear. The vehicle states, sprung mass velocity, pitch velocity, front and rear suspension deflection, unsprung velocity, and tire deflections, are: 
Vehicle Parameters Parameters in this paper are based on the work of Darus et al. [9] , who studied a full car optimal controller for an average vehicle. Additional parameters, to model a small car with and without passengers, are based on simulation of a 1998 Toyota Tercel from the NHTSA inertia database [10] . When a compact car is at maximum occupancy, the vehicle no longer meets the decoupling criteria. The coupling, as measured by the descrepancy of the left and right hand sides of equation 1 is 7.7% for the unladen car and 24.6% for the car with passengers. The weighting factors are based on those of Rajamani [1] , with some modifications to the road holding weights, and applied to the half car perforamance index in the following section. All the vehicle parameters are presented in table 1.
LINEAR QUADRATIC REGULATOR
In order to determine optimal gains using the LQR method, a performance index is required. A performance index is the integral over time of several factors which are to intended to be minimized. The Ricatti equation is solved to calculate optimal linear gains [11] . In the case of active suspension it is the body acceleration and road holding that are competing objectives. We weight the importance of these factors for a desired result and various gains can be calculated and used in a controller for the force actuator. The quarter car and the half car performance indices are different but component and acceleration weightings are identical. A quarter car based performance index will not have a pitch acceleration term. Quarter car based controllers at the front and rear of a vehicle will, as previously stated, control pitch indirectly by minimizing vertical acceleration at each end. 
Quarter Car
Butsuen [12] developed the performance index in equation 4 which has been used extensively to optimize quarter car controllers [1, 6, 13] . The performance index has weights ρ 1 through ρ 4 which are relative to the body accelerationz s . As a result, heavily weighted body acceleration requires that the ρ terms are below unity, while penalizing for other factors requires weightings above unity. In order to solve the Riccati equation for optimal gains the performance index is needed in the form of equation 5. 
The first step to developing the weighting matrix, Q, is to setup the performance index. For the quarter car, the original equation in [12] will be used. In terms of the performance index equation z s − z u is the suspension deflection q ks , and z u − z r is the tire deflection q kt . The sprung mass velocity,ż s , is v s and the unsprung mass velocity,ż u , is v u . Substituting the sprung mass acceleration from the state equation into equation 4, the performance index becomes equation 6.
The quarter car controllers gains are based on their respective four states at each end of the vehicle, with sprung mass pitch acceleration being resolved to a vertical acceleration component at the front and rear.
Half Car
The half car performance index is developed in an identical manner to that of the quarter car model. First a performance index is defined shown in equation 8 . Weighting terms ρ 1 through ρ 9 are again relative to the vertical acceleration term. Both the sprung mass heave acceleration,z 2 s , and the sprung mass rotational acceleration,θ 2 s , can be written in terms of the state variables and substituted into the performance index. This causes the performance index to become cumbersome.
The equation can again be expanded and put in the form of equation 5. Partial derivatives can be used to match coefficients more quickly. If the performance index has its derivative taken with respect to any two variables the remainder should be the term left in the corresponding matrix position. The matrix is symmetric along the diagonal and as a result the derivatives need to be divided by two. The terms in the diagonal are halved as well as there is a squared term in the initial equation. As a result all matrices can be developed in a similar fashion to that shown in equation 8. This operation was automated using the Maple software package.
Parameter Weightings
The performance indices are set such that they relate to three cases. A ride quality weighted case has all weights less than 
SIMULATION RESULTS AND ANALYSIS
The states are input into the performance index and integrated during two different scenarios; repeated discrete bumps and a random road profile. When the two quarter car controllers are used on the half car car model, all the states are input into the half car performance index with the half car weightings. All the acceleration and component weightings are identical for the development of each LQR optimal controller.
The results show an interesting finding that the half car controller is not superior in all cases. It was originally presumed that while the decoupling criteria of [7] was met, the half-car controller would prove consistently superior. A summary of the results are shown in table 3. With the exception of very significant pitch weighting, the quarter car controllers are superior or equivalent to the more complex half car controller.
Repeated Discrete Bumps
The discrete bumps are modeled with a continuous motion profile shown in figure 4. When the simulation was run for 15 seconds with zero intitial conditions the three suspensions produced the performance index values shown in table 4 for the parameters in [9] . The same profile was sent to the front and rear wheels with a delay corresponding to a forward velocity of 72 km/hr (20 m/s). Table 4 shows significant differences between the performance of the passive, half car controller, and quarter car controllers. For the ride quality case the quarter car controllers are an order of magnitude lower, while the half car controller is a fifth of the magnitude of the passive suspension. When the pitch accelertation weighting is increased the quarter car responses remain the same due to lack of direct pitch input, leading to the half car controller giving marginally superior performance.
The road holding case presents a challenge in determining the superior controller using the performance index. In order to increase the road holding ability, vertical and pitch acceleration performance is sacrificed. This is effectively stating that accelerations are not as important as the unsprung velocities and suspension and tire deflection. The absolute magnitude of the acceleration terms are much higher than the other states such as tire deflection, and the terms are squared in the traditional performance index. The acceleration terms dominate unless other weighting factors are made extremely high, possibly causing controller instability. The performance index has been modified by separating out the velocities and the deflections, thus focusing on the states most relevant to roadholding.
The new performance index results for the same 15 second run are shown in table 5. Both the half and quarter car controllers reduce the performance index with the half car controller being only slightly better. The response for hitting a single bump is shown in figure 5 . The responses of the quarter and half car controllers are very similar but it can be seen that as the rear wheel hits the bump that there is a ripple in the response for the half car controller, while the two quarter car controllers remain more level. The quarter car controller response is preferable for 
Random Road Profile
Following Tyan et al. [14] , a random road can be generated using a first order filter model in conjunction with a random number generator. This allowed a random road of a pre-defined roughness, based on the ISO 8606 classification, to be generated and stored. A rough road with a rating of "poor" to "very poor" was created for testing. As with the repeated bumps a velocity of 72 km/hr (20 m/s) is used -a high velocity on a difficult road which should make apparent the differences in the controller performance. A sample of the road profile is shown in figure 6 . Ride Quality The performance index results show the two quarter car controllers are superior to that of the half car controller for ride quality. Figure 7 shows a sample from the simulation that indicates that both controllers are significantly superior to the passive, but on average the quarter car response is of lower magnitude. The two quarter car controllers actually control pitch better than the half car controller as shown in figure  8 .
When the controllers were tested for vehicles with coupled and decoupled suspensions, depending on loading, the results were very similar. The performance index results are summarized in tables 7 and 8 for a 40 second simulation time and again verify the effectiveness of the quarter car controllers.
Ride Quality With Increased Pitch Weighting
When the weight for sprung mass pitch acceleration is increased, the two quarter car controllers are inferior to that of the half car controller. While the vertical acceleration magnitudes for both controllers are similar, the half car controller appears to have reduced magnitudes for pitch accelerations as seen in figure 9 . When the compact car scenarios are taken into consideration along with a lower pitch weighting (ρ 1 ) of 5, the increased-pitchweight performance index for the half car controller is 61% of the quarter car controller performance index for the decoupled vehicle. For the vehicle with coupled suspensions motions the fraction decreases to 55%, showing that the performance gains of the half car controller increase along with coupling when pitch motion suppression is given higher weighting. Through adjusting the the pitch weighting term, ρ 1 , the performance of a half car controller can be matched to that of the quarter car controller. From the results in table 9, an inverse relationship for quarter car controller performance can be seen. When the decoupled vehicle is considered, the pitch weight can be increased 92% relative to the heave acceleration through equation 2. When the coupled model is considered this drops to 42%. Thus, as the mass-inertia coupling increases the available range of allowable pitch weights for which the quarter car controller would be superior decreases. Referring to 2, this indicates that the pitch acceleration weighting term on the right hand side can be approximately 40% larger than the left hand side of the equation.
Road Holding
The responses of both controllers did show improvements for road holding through minimizing tire deflections and unsprung velocities of which a sample is shown in figure 10 . However, it is again noted that the performance index had bias due to the magnitudes of the large accelerations. Separation of the important parameters provides a better view of the results. Table 10 shows the performance indices without the vertical or pitch acceleration terms. Like the repeated bumps scenario, the quarter car controllers shows similar performance to that of the half car controller in all tested models. Similar to ride comfort, the quarter car controllers are providing very good performance so long as they are within certain limits for pitch acceleration weighting. Road holding ability is more concerned with minimizing other aspects and would not be expected to have higher magnitude pitch acceleration weightings. 
CONCLUSIONS
This paper described the use of quarter car and half car states to design optimal controllers for a half car vehicle model with varying levels of decoupling between pitch and front and rear suspensions. Required model complexity was not easy to predict intuitively. In order to determine the required complexity for a controller, a performance index and output plots were generated and compared.
When vertical accelerations were required to be minimized, a quarter car controller at either end of a half car model performed better than a half car based controller for coupled and decoupled models. When pitch acceleration suppression was most important, the quarter car controllers could not differentiate the vertical heaving from the pitching and the half car controller was superior. It was found that the pitch acceleration weights could be approximately 40% higher, using equation 2, than heave acceleration and still maintain identical performance even when a model was coupled. This increases to 90% for decoupled models. For road holding, a modified performance index showed that the performance of the half car and quarter car controllers were nearly identical again for all decoupled and coupled scenarios.
Generally speaking the individual quarter car controllers provided similar response at a reduced complexity level for both ride quality and road holding cases with the exception of when strong pitch control was required. This expands the usable range for which individual quarter car controllers can be utilized on vehicle models especially for more realistic simulations.
